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A SHORT PROOF OF EXISTENCE OF NON-INNER
AUTOMORPHISM OF ORDER p FOR FINITE p-GROUP
OF CLASS 2 FOR ODD PRIME p
R. JOSHI AND S. SARKAR
Abstract. In this note we give a short proof of the existence of a non-
inner automorphism of order p of finite p-group of class 2 which fixes
the frattini subgroup element wise for p odd. The original proof is due
to H. Liebeck [4].
1. Introduction and Preliminaries
Let p be an odd prime and G be a finite non-abelian p-group. A longstanding
conjecture asserts that G must have a non-inner automorphism of order p
(see Problem 4.13, [5]) which is still open. Since its inception the conjecture
is settled for a large variety of p-groups (see [2] and the references therein)
among which one was the p-groups of class 2 ([4], [1]). In [4] it was proved
that
Theorem : For any odd prime p, a finite p-group of class 2 has a non-inner
automorphism of order p that fixes the frattini subgroup Φ(G) elementwise
fixed.
The original proof of H. Liebeck [4] for p-groups of class 2 (p odd) uses some
long techniques of relations between the minimum number of generators
(part (c) of Thm. 1, [4]). Using the methods of Abdollahi [1], we give a
short proof for the above theorem by reducing the condition on the minimum
number d(G) of generators of G to 2. We start with noting the following
results already noted in [1].
Proposition 1.1 : (Remark 2.4, [1]) Let G be a finite non-abelian p-group.
Let G contain an element z ∈ Z(G) \ [G,G] of order p. Then G has a
non-inner automorphism of order p that fixes Φ(G) elementwise.
Proposition 1.2 : (Remark 2.2, [1]) Let G be a finite nilpotent group of
class 2 such that [G,G] = 〈[a, b]〉 for some a, b ∈ G. Then G = HCG(H)
with H = 〈a, b〉.
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2. Proof of the Theorem
We first prove the case of 2-generated finite p-group G with class 2. Using
this we will subsequently prove the main theorem by reducing to the d(G) =
2 case.
Theorem 2.1 : Let p be an odd prime and G be a finite p-group of class
2 with G = 〈a, b〉. Then G has a non-inner automorphism of order p that
fixes Φ(G) elementwise.
Proof : Suppose the order of [a, b] be pn where n ≥ 1. Since G has
class 2, we have [G,G] = 〈[a, b]〉. The condition |[a, b]| = pn implies that
ap
n
, bp
n
∈ Z(G) and ap
n−1
, bp
n−1
6∈ Z(G). We will now prove that Z(G) =
〈ap
n
, bp
n
, [a, b]〉.
Let g ∈ Z(G). Using [G,G] = 〈[a, b]〉, write g = aibj [a, b]t for some non-
negative integers i, j, t. Now we have
1 = [a, g] = [a, b]j
This shows pn | j. Similarly pn | i. This shows Z(G) = 〈ap
n
, bp
n
, [a, b]〉.
If n = 1, we have Z(G) = Φ(G). Then CG(Z(Φ(G))) = CG(Z(G)) =
G 6= Φ(G) unless G is trivial. It was shown in [3] that while Φ(G) 6=
CG(Z(Φ(G))), then G has a non-inner automorphism of order p that fixes
Φ(G) elementwise. Thus we may assume that n ≥ 2.
We first prove that Z(G) is cyclic : if not, then for any z ∈ Ω1(Z(G))\[G,G]
we may construct a non-inner automorphism by proposition 1.1.
We now show that without loss of generality we may assume that the order
of b in G is pn : Since Z(G) is cyclic, without loss of generality assume that
bp
n
∈ 〈ap
n
〉 and write bp
n
= ap
nj . Since p is odd, we have,
(a−jb)p
n
= a−p
njbp
n
[b, a−j ](
p
n
2
) = 1
If (a−jb)p
n−1
∈ Z(G), we have
1 = [a, (a−jb)p
n−1
] = [a, a−jb]p
n−1
= [a, b]p
n−1
which contradicts |[a, b]| = pn. As G = 〈a, a−jb〉, replacing b by a−jb proves
our assertion. Now we have |b| = pn and bp
n−1
6∈ Z(G). Then using lemma 1
of [4] we may construct the non-inner automorphism σ of order p defined by
aσ = abp
n−1
, bσ = b that fixes [G,G] elementwise. Now Φ(G) = 〈ap, bp, [a, b]〉
and (ap)σ = (abp
n−1
)p = apbp
n
[bp
n−1
, a](
p
2
) = ap as p is odd. This shows σ
fixes Φ(G) elementwise. This is a contradiction.
We are now ready to prove the final theorem.
Theorem 2.2 : Let G be a finite non-abelian p-group of class 2. Then G
has a non-inner automorphism of order p that fix Φ(G) elementwise.
Proof : Suppose that the assertion is not true. Then using part (a), Thm.
1 of [4] we have [G,G] is cyclic. Let [G,G] = 〈[a, b]〉 with |[a, b]| = pn and
2
consider the subgroup H = 〈a, b〉. Then G = HCG(H) and by theorem 2.1
we have ϕ ∈ Aut(H) \ Inn(H) of order p that fixes Φ(H) elementwise.
From above calculations we have Z(H) = 〈ap
n
, bp
n
, [a, b]〉 ⊆ 〈ap, bp, [a, b]〉 =
Φ(H). Hence ϕ fixes Z(H) as well.
Now define ψ : G → G as (hk)ψ = hϕk for h ∈ H, k ∈ CG(H). If we have
two expression g = h1k1 = h2k2 for hi ∈ H, ki ∈ CG(H) of g ∈ G, then
h−1
2
h1 = k2k
−1
1
∈ H ∩ K ⊆ Z(H). Hence (h−1
2
h1)
ϕ = h−1
2
h1 = k2k
−1
1
.
Hence hϕ
1
k1 = h
ϕ
2
k2. Thus ψ is well defined. Since [H,CG(H)] = 1, the map
ψ is a homomorphism. It is clearly surjective and hence an automorphism
of G. Since ϕ has order p, the order of ψ is also p. We need to show that ψ
is non-inner. Here we notice that ψ|H = ϕ.
Let x ∈ G so that gψ = x−1gx for every g ∈ G. Write x = uv with
u ∈ H, v ∈ CG(H). Then for any h ∈ H we have
hψ = hϕ = v−1u−1huv = u−1hu
which shows ϕ is an inner automorphism of H, a contradiction. The final
step is to check that ψ fixes Φ(G) elementwise. By hypothesis, it fixes
Φ(H) = Hp[H,H] ⊇ [H,H] = [G,G] elementwise. We need to show it fixes
Gp elementwise. Let g = hk ∈ G with h ∈ H, k ∈ CG(H). Then g
p = hpkp.
But ϕ fixes hp. Hence (gp)ψ = (hp)ϕkp = hpkp = gp. This concludes the
proof.
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